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Abstract
Answering conjunctive queries (CQs) equipped with basic forms of negation is a challenging task, which

happens to be undecidable even for lightweight Description Logic (DL) ontologies. Interestingly, the DL

counterpart of RDFS seems to be partially unaffected by those negative results, even when equipped

with disjointness axioms. This paper summarises our recent work on this subject, where we present a

refined complexity analysis of answering CQs with inequality atoms and safe negation posed over such

ontologies. We introduce a unified Π𝑝
2 algorithm for the general case, we prove that two inequality atoms

already lead to Π𝑝
2-hardness, and we show similar results for the case of safe negation: answering CQs

with one negated atom is in NP, but two negated atoms are enough to reach Π𝑝
2-hardness. These results

close key gaps in the literature and refine the complexity analysis of the query containment problem.
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Knowledge Base (KB) systems are AI systems that represent domain knowledge symbolically

to support both user interaction and the enhancement of other AI components. Knowledge

Graphs (KGs) are a notable example, acting as both KBs and the basis for tasks like query

answering [1] and boosting generative models [2, 3]. KBs are typically defined using formal

semantics, specifying meaning via formal languages such as Description Logics (DLs) [4],

i.e., fragments of first-order logic with well-defined syntax and semantics. A DL-based KB,

or ontology, comprises axioms divided into a TBox (intensional knowledge) and an ABox

(extensional knowledge). A key computational task is query answering [5, 6], which involves

verifying whether a query, i.e., an expression defined in a formal language, is satisfied in all

models of an ontology. Conjunctive Queries (CQs) and Unions thereof (UCQs) have been

extensively studied. However, despite their expressiveness, they cannot express negation,

such as filtering individuals lacking certain properties (safe negation) or enforcing distinctions

between individuals (inequality atoms), features often crucial when querying heterogeneous KGs.

Even basic forms of negation render query answering undecidable, even for lightweight DLs

like DL-Liteℛ and ℰℒ. A notable exception is DL-Lite¬RDFS, the DL counterpart of RDFS [7, 8, 9],

extended with disjointness axioms and interpreted without the Unique Name Assumption

The original paper has been accepted and presented at AAAI25.

DL 2025: 38th International Workshop on Description Logics, September 3–6, 2025, Opole, Poland
$ cima@diag.uniroma1.it (G. Cima); console@diag.uniroma1.it (M. Console); delfino@diag.uniroma1.it

(R. M. Delfino); lenzerini@diag.uniroma1.it (M. Lenzerini); poggi@diag.uniroma1.it (A. Poggi)

� 0000-0003-1783-5605 (G. Cima); 0009-0004-5526-019X (M. Console); 0000-0002-5492-5290 (R. M. Delfino);

0000-0003-2875-6187 (M. Lenzerini); 0000-0002-4030-3458 (A. Poggi)

© 2025 Copyright for this paper by its authors. Use permitted under Creative Commons License Attribution 4.0 International (CC BY 4.0).

CEUR
Workshop
Proceedings

http://ceur-ws.org
ISSN 1613-0073 CEUR Workshop Proceedings (CEUR-WS.org)

mailto:cima@diag.uniroma1.it
mailto:console@diag.uniroma1.it
mailto:delfino@diag.uniroma1.it
mailto:lenzerini@diag.uniroma1.it
mailto:poggi@diag.uniroma1.it
https://orcid.org/0000-0003-1783-5605
https://orcid.org/0009-0004-5526-019X
https://orcid.org/0000-0002-5492-5290
https://orcid.org/0000-0003-2875-6187
https://orcid.org/0000-0002-4030-3458
https://creativecommons.org/licenses/by/4.0
https://ceur-ws.org
https://ceur-ws.org


(UNA). While less expressive, it retains the core semantic features of RDFS, widely used in KGs,

and supports data quality constraints via disjointness. Answering (U)CQs with inequality atoms

(UCQ
̸=

) over DL-Lite¬RDFS ontologies is Π𝑝
2-complete in combined complexity [10]. The same work

shows that answering UCQ
̸=

with at most one inequality atom in each disjunct over DL-Lite¬RDFS
is an NP-complete problem. These two results led to the question whether there exists a number

𝑘 ≥ 2 such that, answering CQ
̸=

with a fixed number 𝑘 of inequality atoms over DL-Lite¬RDFS
ontologies is Π𝑝

2-complete. The results presented in this paper close the gap in the literature

about this and other questions related to the computational complexity of answering queries

of different languages over DL-Lite¬RDFS ontologies. We extend the results presented in [10] for

UCQs with inequality atoms only, providing a Π𝑝
2 upper bound in combined complexity and a

coNP upper bound in data complexity, where data complexity [11] concerns the case where

only the ABox is regarded as the input of the problem. We also provide a matching lower

bound for the problem of answering conjunctive queries with at most two inequality atoms,

for which a matching lower bound in data complexity was already known. We also show that

our result affects the query containment problem, previously proven Π𝑝
2-complete [12, 13], and

studied under various syntactic and semantic restrictions in [14]. To our knowledge, only [10]

examined the impact of bounding the number of inequalities in the queries. That work showed

NP-completeness when the containing query has at most one inequality atom, matching the

complexity of CQs [15]. Here, we complete the analysis by proving that the problem remains

Π𝑝
2-hard even when the containing and contained queries have one and two inequality atoms,

respectively. We also provide lower bounds for CQs with safe negations, showing that it presents

a behavior similar to that of CQs with inequality atoms, i.e., allowing for two safe negations is

enough to obtain Π𝑝
2-hardness. Finally, we present results for the case where the UNA holds.

We denote by CQ¬𝑠, ̸=
the language of conjunctive queries containing both safe negations and

inequality atoms, where a safe negation is a negated atom whose variables occur in at least

one positive atom, and an inequality atom is an atom of the form 𝑡 ̸= 𝑡′, with 𝑡 and 𝑡′ being

either distinguished variables, existential variables, or constants. We denote the language of

conjunctive queries with at most 𝑝 negated atoms and no inequality atoms by CQ¬𝑠,𝑝
, while

the language of conjunctive queries with at most 𝑝 inequality atoms and no negated atoms is

denoted by CQ ̸=𝑝
. We denote by UCQ𝑧

the language of union of CQ
𝑧
, where 𝑧 is a combination

of the symbols denoting the presence of either negations or inequality atoms.

Definition 1. We denote by ans(ℒ,𝒬) the problem of deciding, 𝒪 = ⟨𝒯 ,𝒜⟩ in the language ℒ,
a query 𝑞 ∈ 𝒬 of arity 𝑛, and an 𝑛-tuple 𝑐̄ of constants occurring in 𝒜, whether 𝑐̄ is an answer to
𝑞 in every model of 𝒪.

A local interpretation ℐ = ⟨∆ℐ , ·ℐ⟩ w.r.t. 𝒪 and 𝑞 has its domain ∆ℐ
restricted to constants

in the ABox and in the query, and interpretations of concepts and roles not appearing in 𝒪 and

in 𝑞 are empty. It can be shown that 𝑐̄ /∈ 𝑎𝑛𝑠(𝑞,𝒪), where 𝑎𝑛𝑠(𝑞,𝒪) is the set of certain answers
to 𝑞 w.r.t. 𝒪, i.e., the set of answers satisfying 𝑞 in every model of 𝒪, if and only if there exists a

local interpretation ℐ w.r.t. 𝒪 and 𝑞 such that ℐ is a model of 𝒪 and (𝑐ℐ1 , ..., 𝑐
ℐ
𝑛) /∈ 𝑞(ℐ). This

suggests a nondeterministic algorithm for deciding 𝑐̄ /∈ 𝑎𝑛𝑠(𝑞,𝒪): guess a local interpretation

ℐ and check if it is a model of 𝒪 and if 𝑐̄ /∈ 𝑎𝑛𝑠(𝑞,𝒪). The size of ℐ is linear in the size of the

input. Checking whether ℐ is a model of 𝒪 is feasible in AC
0

in the size of ℐ , while checking

whether 𝑐̄ /∈ 𝑞(ℐ) is feasible in NP. Thus, the overall verification can be performed in NP.



This approach leads to the following result.

Theorem 1. The problem ans(DL-Lite¬RDFS,UCQ¬𝑠, ̸=) is in Π𝑝
2 in combined complexity and in

coNP in data complexity.

This provides an upper bound. Matching lower bounds regarding data complexity were

known for the case of two negated atoms [16] and two inequalities [10]. In the following, we

show that matching lower bounds also hold for combined complexity for CQ¬𝑠,2
and CQ ̸=2

.

Theorem 2. The problem ans(DL-LiteRDFS,UCQ¬𝑠,2) is Π𝑝
2-hard in combined complexity and

coNP-hard in data complexity.

This hardness result is obtained via a LogSpace reduction from ∀∃-CNF [17]. The reduction

maps a ∀∃3CNF formula 𝜑 to a DL-Lite¬RDFS ontology 𝒪𝜑 and a Boolean UCQ
¬𝑠 𝑞𝜑 such that

𝒪𝜑 |= 𝑞𝜑 if and only if 𝜑 is true. The initial construction uses predicates of arity greater than

two. However, the encoding can be transformed into an equivalent one that uses only unary

and binary predicates, thus complying with the syntactic restrictions of DL-Lite¬RDFS. A similar

result holds for the query language CQ¬𝑠,2
over DL-Lite¬RDFS.

Theorem 3. The problem ans(DL-Lite¬RDFS,CQ¬𝑠,2) is Π𝑝
2-hard in combined complexity and coNP-

hard in data complexity.

The coNP-hardness comes from [16], while the Π𝑝
2-hardness is shown by an adaptation of

the reduction from ∀∃3CNF used for Theorem 2, involving a fixed TBox with disjointness

assertions and a slightly modified query and ABox construction. In contrast to the case of two

negated atoms, the complexity drops significantly when only one safe negation atom is allowed

per disjunct. In particular, ans(DL-Lite¬RDFS,UCQ¬𝑠,1) can be polynomially reduced to checking

entailment of a ground atom for a Datalog program 𝑃 [18] that can be obtained by means of a

transformation from an ontology 𝒪, a UCQ¬𝑠,1 𝑞 and a tuple 𝑐̄, and is such that 𝑐̄ ∈ 𝑎𝑛𝑠(𝑞,𝒪)
if and only if 𝑃 entails a specific propositional atom. Combining this property with the known

Datalog complexity for predicates with bounded arity [19, 20] results yields the following result.

Theorem 4. The problem ans(DL-Lite¬RDFS,UCQ¬𝑠,1) is NP-complete in combined complexity and
P-complete in data complexity. The hardnesses already hold for ans(DL-Lite¬RDFS,CQ¬𝑠,1).

Note that NP-hardness follows from the NP-hardness of evaluating CQs over relational

databases [21], while P-hardness in data complexity comes from [16].

Regarding the case of queries containing inequalities, previous work thoroughly analysed

the case of UCQ ̸=
s over DL-Lite¬RDFS ontologies, but only conjectured the Π𝑝

2-hardness of

ans(DL-Lite¬RDFS,UCQ̸=2). The next result confirms the conjecture.

Theorem 5. The problem ans(DL-Lite¬RDFS,CQ̸=2) is Π𝑝
2-hard in combined complexity.

This is proved via a LogSpace reduction from ∀∃3CNF, similar to the safe negation cases. The

reduction constructs a DL-Lite¬RDFS ontology 𝒪𝜑 and a Boolean CQ
̸=2 𝑞𝜑 from a ∀∃3CNF formula

𝜑 such that 𝒪𝜑 |= 𝑞𝜑 if and only if the formula 𝜑 is true. The ontology simulates propositional

assignments, and the query structure checks for satisfiability.



Interestingly, our results on hardness for the case of CQ ̸=2
s have implications for the query

containment problem cont(𝒬,𝒬′), which asks if 𝑞(𝐷) ⊆ 𝑞′(𝐷) for all databases 𝐷, with

𝑞 ∈ 𝒬, and 𝑞′ ∈ 𝒬′
for some query languages 𝑄 and 𝑄′

. Through Theorem 5 and a reduction

from ontology-mediated query answering to query containment for ontologies without role

disjointness assertions, we provide a tight complexity characterization based on the number of

inequality atoms present in the queries.

Proposition 1. Let 𝒪 = ⟨𝒯 ,𝒜⟩ be a DL-Lite¬RDFS ontology without role disjointness assertions. It
is possible to construct in polynomial time a Boolean CQ̸= 𝑞𝒪 such that, for any Boolean CQ ̸= 𝑞:
𝒪 |= 𝑞 if and only if 𝑞𝒪 ⊑ 𝑞.

By combining the reduction used for Theorem 5 and Proposition 1, we obtained the following:

Theorem 6. The problem cont(CQ̸=1 ,CQ ̸=2) is Π𝑝
2-complete.

This is a significant finding, as cont(CQ̸=𝑎 ,CQ̸=𝑏) is NP-complete if 𝑎 = 0 or 𝑏 ≤ 1 [15, 10].

Finally, we analysed the problem of query answering under the UNA. In this case, the decision

problem of interest is denoted by ansU(ℒ,𝒬). The same Π𝑝
2 combined complexity and coNP

data complexity upper bounds as Theorem 1 hold for ansU(DL-Lite¬RDFS,UCQ¬𝑠, ̸=) by using

U-local interpretations, i.e., local interpretations under the UNA.

Theorem 7. ansU(DL-Lite¬RDFS,UCQ¬𝑠,̸=) is in Π𝑝
2 in combined complexity and in coNP in data

complexity.

For UCQ¬𝑠
queries, DL-Lite¬RDFS is insensitive to the UNA, since it is a sub-logic of DL-Liteℛ,

which is insensitive to the UNA for CQ answering [22]. This allows to derive that ans(𝑞,𝒪) =
ansU(𝑞,𝒪), where 𝒪 is a DL-Lite¬RDFS, and 𝑞 ∈ UCQ¬𝑠

. However, answering 𝑈𝐶𝑄̸=
s over

DL-Lite¬RDFS is significantly easier under the UNA, becoming tractable in data complexity.

Theorem 8. ansU(DL-Lite¬RDFS,UCQ̸=) is NP-complete in combined complexity and in AC0 in
data complexity.

We provided a thorough analysis of the complexity of answering queries with safe negation

and inequalities over DL-Lite¬RDFS ontologies, confirming its potential as a theoretical foundation

for AI systems based on KGs. We completed the picture of the complexity of the answering CQs

with fixed numbers of inequality atoms by showing that, forCQ̸=2
, it isΠ𝑝

2-hard, verifying a long-

standing conjecture. We showed that CQs with safe negation exhibit a similar complexity jump

from one to two negated atoms. These results provide tight complexity bounds and contribute

to the understanding of query containment, showing that cont(CQ̸=1 ,CQ̸=2) is Π𝑝
2-complete.

The decidability of ans(DL-Lite𝑐𝑜𝑟𝑒,CQ̸=) remains an open problem. Our results suggest that

answering UCQ¬𝑠, ̸=
s over DL-Lite¬RDFS can potentially be implemented using systems designed

for Π𝑝
2-complete problems, such as ASP solvers [23].
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